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Abstract
We consider an exact µ − τ reflection symmetry in neutrino sector realized at the GUT scale
in the context of the seesaw model with and without supersymmetry. Assuming the two lighter
heavy Majorana neutrinos are degenerate at the GUT scale, it is shown that the renormalization
group (RG) evolution from the GUT scale to the seesaw scale gives rise to breaking of the µ − τ
symmetry and a tiny splitting between two degenerate heavy Majorana neutrino masses as well as
small variations of the CP phases in Yν , which are essential to achieve a successful leptogenesis.
Such small RG effects lead to tiny deviations of θ23 from the maximal value and the CP phase δCP
from π2 imposed at the GUT scale due to µ− τ reflection symmetry. In our scenario, the required
amount of the baryon asymmetry ηB can be generated via so-called resonant e-leptogenesis, in
which the wash-out factor concerned with electron flavor plays a crucial role in reproducing a
successful leptogenesis. We show that CP violation responsible for the generation of baryon
asymmetry of our universe can be directly linked with CP violation measurable through neutrino
oscillation as well as neutrino mixing angles θ12 and θ13. We expect that, in addition to the reactor
and long baseline neutrino experiments, the measurements for the supersymmetric parameter
tan β at future collider experiments would serve as an indirect test of our scenario of baryogenesis
based on the µ− τ reflection symmetry.
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I. INTRODUCTION
The present neutrino experimental data [1, 2, 3] exhibit that the atmospheric neutrino
deficit points toward a maximal mixing between the tau and muon neutrinos, however, the
solar neutrino deficit favors a not-so-maximal mixing between the electron and muon neutri-
nos, i.e., |Uµ3| ≃ |Uτ3| ≃ 1/
√
2, where U is the leptonic PMNS mixing matrix. In addition,
although we do not have yet any firm evidence for the neutrino oscillation arisen from the
1st and 3rd generation flavor mixing, there is a bound on the mixing element Ue3 from
CHOOZ reactor experiment, |Ue3| < 0.2 [4]. Although neutrinos have gradually revealed
their properties in various experiments since the historic Super-Kamiokande confirmation
of neutrino oscillations [1], properties related to the leptonic CP violation are completely
unknown yet. CP violations in the leptonic sector are also obligatory, if the matter and an-
timatter asymmetry of the Universe is made through leptogenesis scenario [5] in the seesaw
models [6].
Recently, the so-called µ-τ reflection symmetry [7, 8] has been imposed in light neutrino
mass matrices so that the maximal atmospheric mixing θ23 = π/4 as well as the maximal
value for the Dirac CP violating phase δCP = π/2 are predicted [9, 10]. Under the µ-τ
reflection symmetry in the context of a seesaw model, it is supposed that the right-handed
neutrinos transform into the charge conjugates of themselves, Ni → N ci and the light left-
handed neutrinos into νe → ξ1νce , νµ → ξ2νcτ , ντ → ξ2νcµ [7, 8, 11] with the corresponding
phases ξi. The effective mass matrix derived from the seesaw mechanism is invariant under
the µ − τ reflection symmetry, too. In the light of the CP violation from the neutrino
oscillations [12], the µ − τ reflection symmetry indicates that, for given values of mixing
angles, the CP asymmetry P (νµ → νe)− P (ν¯µ → ν¯e) is maximal.
In this paper, we consider a seesaw model with the µ−τ reflection symmetry. In contrast
with other models concerned with the µ− τ reflection symmetry, we impose the exact sym-
metry at the GUT scale and consider renormalization group (RG) evolution [13, 14, 15, 16]
on the neutrino Dirac Yukawa couplings, heavy Majorana neutrino masses and CP phases
by running from the GUT scale to a seesaw scale. One of interesting issues concerned with
neutrino models with the µ − τ reflection symmetry is if baryogenesis can be successfully
realized through leptogenesis or not. In fact, high energy cosmological CP violation respon-
sible for baryogenesis vanishes as long as the µ − τ reflection symmetry is kept exact and
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flavor effects associated with the charged leptons are not taken into account [8]. However,
it has been shown that flavor effects can lead to a successful leptogenesis for M1 < 10
13
GeV in the limit of the µ − τ reflection symmetry as long as a partial lepton asymmetry
associated with a lepton flavor does not vanish even if total lepton asymmetry is zero [11].
According to our numerical estimates made in this paper, it is not true in some cases of
heavy Majorana neutrino mass spectrum with hierarchy structures like M1 ≪M2 < M3 and
M1 ≃ M2 << M3. In such cases, as will be shown later, breaking of the µ − τ reflection
symmetry can lead to successful leptogenesis. Instead of introducing ad-hoc soft symmetry
breaking terms, in this paper, we consider a possibility that RG evolutions of neutrino pa-
rameters can beak the µ− τ reflection symmetry and then examine if such breaking effects
due to the RG evolutions can lead to successful baryogenesis. To do that, we simply assume
that two lighter heavy Majorana neutrino masses are exactly degenerate at the GUT scale. If
a mass splitting between two degenerate heavy Majorana neutrinos due to the RG evolution
comes out to be small, we expect that the lepton asymmetry can be resonantly enhanced
[17]. However, we show that even though the total lepton asymmetry can be resonantly
enhanced, the magnitude of the total lepton asymmetry is not enough to achieve successful
baryogenesis in the context of the Standard Model (SM) with the µ− τ reflection symmetry
broken by RG corrections.
In general, the absolute magnitudes of the lepton asymmetries for each lepton flavor
can be larger than that of the total lepton asymmetry. Furthermore, since the interactions
mediated by the tau and muon coupling are in thermal equilibrium at below the temperature
M ∼ 109 GeV, the processes which wash out lepton number are flavor dependent and thus
the lepton asymmetries for each flavor should be treated separately with different wash-out
factors. It has been known that flavor effects can enlarge the area of parameter space where
leptogenesis can work. Thus, it is meaningful to investigate if leptogenesis including flavor
effects can be successfully realized in the case that leptogenesis without flavor effects does
not work successfully. In this paper, we shall examine if the flavor effects on leptogenesis
can help to achieve successful baryogenesis in the context of the SM with the µ−τ reflection
symmetry broken by RG corrections. In particular, we shall carefully discuss how the wash-
out factors for each lepton flavor can be significant to achieve successful leptogenesis.
In the supersymmetric seesaw model (SSM), the baryon asymmetry of our universe can be
achieved leptogenesis via the decays of heavy Majorana neutrinos. One of interesting points
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is that the lepton asymmetry in the SSM can be enhanced in the case of large tanβ because it
is proportional to the charged lepton Yukawa couplings Yl = YlSM(1+ tanβ). Thus, even for
the parameter space where leptogenesis in the SM does not work, supersymmetry can make
leptogenesis working. We also expect that since the RG evolutions in the SSM are different
from those in the SM, the parameter space where leptogenesis can work must be different
each other. In this paper, we shall study how the results concerned with leptogenesis in the
SM can change when we supersymmetrize it.
This paper is organized as follows: In Sec. II, we present a seesaw model reflecting
µ − τ reflecting symmetry at the GUT scale in the context of both SM and SSM. In Sec.
III, we discuss how we can obtain a RG-improved neutrino mass matrix. We show that
the RG evolutions break the µ − τ reflection symmetry and derive the deviations of low
energy neutrino mixing angles and CP phase from their tree level values which can be
parameterized in terms of a parameter concerned with the RG evolution. The discussion for
RG evolution from the GUT scale to low scale and useful formulae are given in Appendix.
In Sec. IV, we show how successful leptogenesis can be radiatively induced in our scheme.
Here, we discuss how lepton flavor effects are important to achieve successful leptogenesis
and carefully estimate the wash-out factors by taking flavor effects into account. Numerical
results and conclusion are given in Sec. V.
II. SEESAW MODEL WITH THE µ− τ REFLECTION SYMMETRY
A. In case of the SM
To begin with, let us consider the Lagrangian of the lepton sector from which the seesaw
mechanism works,
Lm = −LYνNφ˜ − LYllRφ− 1
2
N
c
MRN + h.c., (1)
where the family indices have been omitted and Li, lR, φ, N , i = e, µ, τ stand for SU(2)
lepton doublet fields, charged lepton singlet fields and Higgs scalar and singlet heavy Majo-
rana neutrino, respectively. In the above lagrangian, MR, Yl and Yν are the 3 × 3 heavy
Majorana neutrino mass matrix, charged lepton and neutrino Dirac Yukawa matrices, re-
spectively. After spontaneous electroweak symmetry breaking, the seesaw mechanism leads
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to the following effective light neutrino mass term,
meff = −YTνM−1R Yνυ2 , (2)
where υ is a vacuum expectation value of the Higgs field with υ ≈ 174 GeV.
Let us impose the µ − τ reflection symmetry for the neutrino sectors at the GUT scale,
which is the combined operation of µ − τ flavor exchange in PMNS mixing matrix and CP
transformation on the leptonic sector [7], in the basis where both the charged lepton mass
and heavy Majorana mass matrices are diagonal. Under the µ− τ reflection symmetry, the
right-handed neutrinos transform into the charge conjugates of themselves, Ni → N ci and
thus the elements of MR should be real. Then, the neutrino Dirac Yukawa matrix and the
heavy Majorana neutrino mass matrix, at the GUT scale, are taken to be
Yν =


a1 b1e
iφ1 b1e
−iφ1
a2 b2e
iφ2 b2e
−iφ2
a3 b3e
iφ3 b3e
−iφ3

 , MR =


M1 0 0
0 M2 0
0 0 M3

 , (3)
where ai, bi (i = 1, 2, 3) of the neutrino Dirac Yukawa matrix are all real. We assume that
the two heavy Majorana neutrinos are exactly degenerate in mass, which is much smaller
than that of the right-handed neutrino N3, i.e. M1 = M2 ≡ M ≪ M3. It turns out, after
our analysis, that in the light of seesaw mechanism with such a hierarchy of heavy Majorana
neutrinos the effects of the parameters a3 and φ3 on low energy neutrino phenomenology
and even leptogenesis are negligibly small. Thus, for our convenience, we take a3 = 0 and
φ3 = 0 at the GUT scale.
Introducing several parameters defined by the ratios among the parameters appeared in
Eq. (3), as follows,
m0 ≡ υ2 b
2
3
M
, λ ≡ a1
b3
, ω ≡ b1
b3
, χ ≡ a2
b3
, κ ≡ b2
b3
, η ≡ M3
M
, (4)
the effective light neutrino mass matrix generated through seesaw mechanism can be written
as
meff = m0


mee meµ m
∗
eµ
meµ mµµ mµτ
m∗eµ mµτ m
∗
µµ

 , (5)
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where
mee = λ
2 + χ2 , meµ = λωe
iφ1 + χκeiφ2
mµµ = ω
2e2iφ1 + κ2e2iφ2 +
1
η
, mµτ = ω
2 + κ2 +
1
η
.
We see that the effective neutrino mass matrix meff reflects the µ − τ reflection symmetry
[7]. Here, we have not yet considered RG corrections to meff from the GUT scale to a seesaw
scale, so the form of meff given in Eq. (5) is regarded at tree level.
It is not difficult to see that the seesaw model based on Eq. (3) leads to the normal
hierarchical light neutrino mass spectrum because we take diagonal form of heavy Majorana
neutrino mass matrix [18, 19, 20]. Thus, the RG effects from a seesaw scale to electroweak
scale on meff as well as on the neutrino mixing matrix UPMNS are expected to be very small.
Starting from the µ − τ reflection symmetric forms of Yν and MR, we shall show that the
µ − τ reflection symmetry is broken due to the RG running effects between the GUT and
a seesaw scale and they can lead to successful leptogenesis without being in conflict with
experimental low energy constraints.
Concerned with CP violation, we notice from Eq. (5) that the CP phases φ1,2 coming
from Yν take part in low-energy CP violation. To see how the CP phases φ1,2 are correlated
with low energy CP violation measurable through neutrino oscillations, let us consider CP
violation parameter defined through Jarlskog invariant [21]
JCP =
1
8
sin 2θ12 sin 2θ23 sin 2θ13 cos θ13 sin δCP =
Im[heµhµτhτe]
∆m221∆m
2
31∆m
2
32
, (6)
where h = m†effmeff and ∆m
2
ij = m
2
i −m2j . From the matrix given in Eq. (5) it can be written
as
JCP ∼ Im[heµhµτhτe] ≃ m60Aκω sin∆φ12 +O(η−1), (7)
where A is the lengthy function composed of the parameters κ, ω, χ, λ, cos∆φ12 and ∆φij =
φi−φj. We see from the above equation that JCP is correlated with high energy CP parameter
∆φ12. As long as ∆φ12 6= 0 and A 6= 0, JCP have non-vanishing value, which would be a
signal of CP violation.
The combination of Dirac neutrino Yukawa matrices, which is relevant for leptogenesis,
6
is given by
YνY
†
ν = H = b
2
3


λ2 + 2ω2 λχ + 2ωκ cos∆φ12 2ω cos∆φ13
λχ+ 2ωκ cos∆φ12 χ
2 + 2κ2 2κ cos∆φ23
2ω cos∆φ13 2κ cos∆φ23 2

 . (8)
From this, we find that the hermitian quantity YνY
†
ν in the limit of the µ − τ reflection
symmetry leads to Im[YνY
†
ν ] = 0 and thus vanishing lepton asymmetry which is undesirable
for a successful leptogenesis. To generate non-vanishing lepton asymmetry, both the mass
degeneracy of the 1st and 2nd heavy Majorana neutrinos and the µ−τ reflection symmetric
texture of Yν in Eq. (3) should be broken.
B. In case of the SSM
In the SSM, the leptonic superpotential is given by
Wlepton = lˆ
c
LYlLˆ · Hˆd + Nˆ cLYνLˆ · Hˆu −
1
2
Nˆ cTL MRNˆ
c
L , (9)
where the family indices have been omitted and Lˆ stands for the chiral super-multiplets of
the SU(2)L doublet lepton fields, Hˆu,d are the Higgs doublet fields with hypercharge ±1/2,
Nˆ cL and lˆ
c
L are the super-multiplet of the SU(2)L singlet neutrino and charged lepton field,
respectively. After spontaneous electroweak symmetry breaking, the seesaw mechanism leads
to a following effective light neutrino mass term,
meff = Y
T
νM
−1
R Yν〈Hu〉2 , (10)
where 〈Hu〉2 = υ2 sin2 β. For our purpose, we take the forms of Yν and MR in the SSM to
be the same forms given in Eq. (5).
III. RG IMPROVED EFFECTIVE NEUTRINO MASS MATRIX
Considering the RG effects in Yν and MR, we obtain a RG improved effective neutrino
mass matrix via the seesaw reconstruction at the decoupling scales of the heavy neutrino
singlets. The effective mass matrix at low energies can be found by running meff(Q) from
the decoupling scales to the electroweak scale mZ . The procedures of the RG running and
the useful formulae are given in Appendix. However, in the case of the normal hierarchical
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neutrino mass spectrum of light neutrinos, the RG running effects from the decoupling scales
of heavy Majorana neutrinos to the electroweak scale are turned out to be negligibly small.
Ignoring the RG running effects from seesaw scale to the electroweak scale in Eqs. (A20,A21),
we can obtain the RG improved effective neutrino mass matrix at low energy presented as
follows,
meff ≃ m0


mee meµ m
∗
eµ(1 + a˜)
meµ mµµ mµτ (1 + a˜)
m∗eµ(1 + a˜) mµτ (1 + a˜) m
∗
µµ(1 + 2a˜)

+O(y4τ ), (11)
where the parameter a˜ corresponding to the RG correction is given as
a˜ =


−3
2
y2τ · t, for SM,
y2τ · t, for SSM.
(12)
We recast Eq. (11) with the transformation νµ → e−iΨ2 νµ and ντ → eiΨ2 ντ , as 1
meff ≃ m0


mee δeµe
iΦ δeµe
−iΦ(1 + a˜)
δeµe
iΦ δµµ mµτ (1 + a˜)
δeµe
−iΦ(1 + a˜) mµτ (1 + a˜) δµµ(1 + 2a˜)

+O(y4τ ), (13)
where Φ ≡ Ω− Ψ
2
and
δeµ =
√
λ2ω2 + κ2χ2 + 2λχκω cos∆φ12, cosΩ =
λω cosφ1 + κχ cosφ2√
λ2ω2 + κ2χ2 + 2λχκω cos∆φ12
,
δµµ ≃
√
κ4 + ω4 + 2κ2ω2 cos 2∆φ12 +O(1
η
), cosΨ ≃ ω
2 cos 2φ1 + κ
2 cos 2φ2√
κ4 + ω4 + 2κ2ω2 cos 2∆φ12
+O(1
η
).
It is quite interesting to notice that the size of a˜ is very small, which breaks the µ − τ
reflection symmetry slightly in the mass matrix meff , however, this tiny breaking effects can
play a crucial role in linking between low energy neutrino data and leptogenesis, as will be
shown later. This neutrino mass matrix is diagonalized by the PMNS mixing matrix UPMNS,
UTPMNSmeffUPMNS = Diag[m1, m2, m3], where mi (i = 1, 2, 3) indicates the mass eigenvalues
of light Majorana neutrinos. As a result of the RG effects, CP violation phase δCP is shifted
by a tiny amount, ∆δ:
δCP − π
2
≡ ∆δ ≃ −a˜κ
2 + ω2
χ2 + λ2
cosΦ
sin Φ
. (14)
1 This effective mass matrix is similar to that of Ref. [18].
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Here if the exact µ − τ reflection symmetry is recovered, then a˜ → 0 and ∆δ goes to zero.
Atmospheric mixing angle θ23 is also deviated from π/4 due to the RG corrections, and the
shift is approximately written by
θ23 − π
4
≃ −2a˜κ
2 + ω2
λ2 + χ2
≃ 2∆δ tanΦ . (15)
The magnitude of the unknown angle θ13, which will complete our knowledge of neutrino
mixing, can be written as
tan 2θ13 ≃
√
2(κχ+ λω)(χ2 + λ2)
2(κ2 + ω2)2
sinΦ. (16)
Note here that sin Φ ≃
√
2(λ2+χ2)
κ2+ω2
δIµτ can be directly linked with leptogenesis through δ
I
µτ
defined in Eq. (26). Solar neutrino mixing is also presented by
tan 2θ12 ≃
√
2(κχ+ ωλ)
2(κ2 + ω2)
cosΦ. (17)
The ratio between tan 2θ13 and tan 2θ12 can be approximated by the exact µ − τ reflection
parameter as
tan 2θ13
tan 2θ12
≃ χ
2 + λ2
(κ2 + ω2)
tanΦ, (18)
which is independent of the RG correction.
From Eqs. (14-17), the Jarlskog invariant JCP can be approximated for θ13 ≪ 1 by
JCP ≃ sin 2θ13
8
sin 2θ12 ≃
δIµτ (λ
2 + χ2)
16(κ2 + ω2)4
{λχ(κ2 − ω2) + κω(λ2 − χ2) cos∆φ12}, (19)
indicating that JCP mainly depends on θ12 and θ13, which is in turn proportional to
sin 2Φ ≃ δ
I
µτ
δ2eµmµτ
{λχ(κ2 − ω2) + κω(λ2 − χ2) cos∆φ12} (20)
defined in Eq. (13).
IV. RADIATIVELY INDUCED RESONANT LEPTOGENESIS
A. In case of the SM
Let us consider the CP asymmetry generated by the decays of the heavy Majorana
neutrinos Ni (i=1, 2). In a basis where the right-handed Majorana neutrino mass matrix is
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real and diagonal, the CP asymmetry generated through the interference between tree and
one-loop diagrams for the decay of the heavy Majorana neutrino Ni is given, for each lepton
flavor α (= e, µ, τ), by [22, 23]
εαi =
Γ(Ni → lαϕ)− Γ(Ni → lαϕ†)∑
α[Γ(Ni → lαϕ) + Γ(Ni → lαϕ†)]
=
1
8π(YνY
†
ν )ii
∑
j 6=i
Im
{
(YνY
†
ν )ij(Yν)iα(Yν)
∗
jα
}
g
(M2j
M2i
)
, (21)
where the function g(x) is given by
g(x) =
√
x
[ 1
1− x + 1− (1 + x)ln
1 + x
x
]
. (22)
Here i denotes a generation index and Γ(Ni → · · ·) is the decay width of the ith-
generation right-handed neutrino. Note here that the flavor effects generated due to the
term Im
{
(YνY
†
ν )ij(Yν)iα(Yν)
∗
jα
}
disappears in the summation of εαi for all flavors. In order
for εαi to be non-vanishing , not only breaking of the degeneracy of right-handed neutrinos
but also non-vanishing Im[(YνY
†
ν )ik] and/or Re[(YνY
†
ν )ik] are required at a seesaw scale M .
In our scenario, we take the mass hierarchy M3 ≫M1 ≃ M2, so that the lepton asymme-
try required for a successful leptogenesis is generated from the decays of both N1 and N2.
When two lighter heavy Majorana neutrinos are nearly degenerate, the dominant contribu-
tions to εαi(=1,2) are arisen from self-energy diagrams and can be written by [22]
εαi ≃
Im[H˜ij(Y˜ν)iα(Y˜ν)
∗
jα]
16π(Y˜νY˜
†
ν )iiδ
ij
N
(
1 +
Γ2j
4M2Riδ
ij2
N
)−1
, (i 6= j) (23)
where H˜ij, Y˜ν and δ
ij
N are defined in Eqs. (A19,A20,A24,A27) of Appendix, and the term
containing decay width is negligibly small. We notice from Eq. (23) that εαi is resonantly
enhanced when Γj ≃ (M2Ri − M2Rj)/MRi. Here, the RG evolution of the parameter δijN
reflecting the mass splitting of the degenerate heavy Majorana neutrinos is governed by
Eq. (A18). In the limit δijN ≪ 1, the leading-log approximation for δjkN can be easily found
to be
δijN ≃ 2[H˜ii − H˜jj] · t , (24)
where the energy scale parameter t is defined by Eq. (A3). By using Eqs. (23,A19), εαi can
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be expressed as
εe1(2) ≃ ±
δIµτ ǫ
16π · h1(2)
{ δee
δRµτ
− ǫ δ
′
ee
δRµτ
· t
}
+O(t2) ,
εµ1(2) ≃ ±
δIµτ ǫ
32π · h1(2)
{
1− 2ǫδ
′
µτ
δRµτ
· t
}
+O(t2) ,
ετ1(2) ≃ ±
3δIµτ ǫ
32π · h1(2)
{
1− (2
3
ǫ
δ′µτ
δRµτ
+ 3y2τ
) · t}+O(t2), (25)
where
δee ≡ χ
2 − λ2
2
sin 2α + λχ cos 2α , δ′ee ≡ (χ2 − λ2) cos 2α− 2λχ sin 2α ,
δRµτ ≡
κ2 − ω2
2
sin 2α+ κω cos 2α cos∆φ12 ,
δIµτ ≡ κω sin∆φ12 , δ′µτ ≡ (κ2 − ω2) cos 2α− 2κω sin 2α cos∆φ12 , (26)
the parameter ǫ presenting RG corrections is defined in (A23) and the two parameters h1(2)
are defined as
h1 = H˜11/b
2
3 ≃ (2κ2 + χ2) sin2 α + (λ2 + 2ω2) cos2 α + {λχ+ 2κω cos∆φ12} sin 2α ,
h2 = H˜22/b
2
3 ≃ (2κ2 + χ2) cos2 α + (λ2 + 2ω2) sin2 α− {λχ+ 2κω cos∆φ12} sin 2α .(27)
Note here that δee/δ
R
µτ = −2, which is justified from Eq. (A15), and the sign of plus
and minus in Eq. (25) correspond to the case of the decay of N1 and N2, respectively. It is
worthwhile to notice that since the angle α given by Eq. (A15) is limited by −450 < α < 450,
h2 (order of 10) is always greater than h1 (order of 1), as will be shown later. This implies that
εα1 is dominant over ε
α
2 because of h2 ≫ h1. Since the total CP asymmetries εi =
∑
α ε
α
i are
obtained by summing εαi over the lepton flavors α, with the help of Eqs. (26,A15,A19,A23),
we can express the lepton asymmetries as follows 2
ε1(2) ≃ ∓
3δIµτ ǫ
16πh1(2)
y2τ · t . (28)
where the sign of minus and plus correspond to the case of the decay of N1 and N2, re-
spectively. As indicated in Eq. (23), the CP asymmetries εαi weakly depend on the heavy
Majorana neutrino scaleM . From Eqs. (25,28), we see that εi ∝ y4τ t and εαi ∝ y2τ . Therefore,
the CP asymmetry εe1 gets enhanced by ε
e
1/ε1 ∼ 2/(3y2τ t) due to flavor effects [24].
2 Eq. (28) can also be obtained directly by using Eq. (A27).
11
Below temperature T ∼ Mi . 109 GeV, it is known that muon and tau charged lepton
Yukawa interactions are much faster than the Hubble expansion parameter rendering the µ
and τ Yukawa couplings in equilibrium. Then, the processes which wash out lepton number
are flavor dependent and thus the lepton asymmetries for each flavor should be treated
separately with different wash-out factors. Once the initial values of εαi are fixed, the final
result of ηB or YB can be obtained by solving a set of flavor-dependent Boltzmann equations
including the decay, inverse decay, and scattering processes as well as the non-perturbative
sphaleron interaction. In order to estimate the wash-out effects, we introduce the parameters
Kαi which are the wash-out factors mainly due to the inverse decay of the Majorana neutrino
Ni into the lepton flavor α(= e, µ, τ) [25]. The explicit form of K
α
i is given by
Kαi =
Γ(Ni → ϕlα)
H(MRi)
=
m˜αi
m∗
, with m˜αi = (Y
†
ν )αi(Yν)iα
υ2
MRi
, (29)
where m∗ ≃ 10−3 eV, and Γ(Ni → ϕlα) and H(MRi) denote the partial decay rate of the
process Ni → lα+ϕ† and the Hubble parameter at temperature T ≃MRi, respectively. The
decay rate of Ni to the leptons with flavor lα is parameterized by m˜
α
i and the trace
∑
α m˜
α
i
coincides with the parameter m˜i. From Eq. (29) and Eq. (A20), the wash-out parameters
are given as
Ke1 ≃
m0
m∗
(χsα + λcα)
2 , Ke2 ≃
m0
m∗
(χcα − λsα)2 ,
Kµ,τ1 ≃
m0
m∗
(s2ακ
2 + c2αω
2 + 2κωcαsα cos∆φ12) ,
Kµ,τ2 ≃
m0
m∗
(c2ακ
2 + s2αω
2 − 2κωcαsα cos∆φ12) . (30)
The final baryon asymmetry YB is then given by [25]
YB ≃ 12
37
∑
Ni
[
Y ei
(
εei ,
151
179
m˜ei
)
+ Y µi
(
εµi ,
344
537
m˜µi
)
+ Y τi
(
ετi ,
344
537
m˜τi
)]
. (31)
Notice that each CP asymmetry for a single flavor given in Eq. (31) is weighted differently
by the corresponding wash-out parameter given by Eq. (29), and appears with different
weight in the final formula for the baryon asymmetry [25]. From our numerical estimate,
we found that the wash-out factors Kαi except for K
e
2 are much greater than one indicating
that corresponding lepton flavor asymmetries are strongly washed out, which is undesirable
for successful leptogenesis. Since Ke2 can be much less than one and the lepton asymmetries
given in Eq. (25) are the same order of magnitude, the lepton asymmetry for electron flavor
12
in the weak wash-out regime leads to the dominant contribution to the lepton asymmetry,
which can be enough to give rise to successful baryogenesis. Thus, YB is approximately given
by
YB ≃ 12
37
Y e2
(
εe2,
151
179
m˜e2
)
, (32)
and the magnitudes of K2(= K
e
2 +K
µ
2 +K
τ
2 ) and K
e
2 are approximately
K2 ∼ 130− 160, Ke2 ∼ 10−5 − 1 . (33)
In the weak wash-out regime (Kαi < 1), the lepton asymmetry Y
e
2 generated through the
decay of N2 is given by [25]
Y e2 ≃ 1.5
εe2
g∗
( m˜2
3.3× 10−3eV
)( m˜e2
3.3× 10−3eV
)
. (34)
Therefore, the resulting baryon-to-photon ratio ηfB can be simply given as
ηfB ≃ −10−3 · εe2Ke2K2 . (35)
As will be shown later, the wash-out factor Ke2 is proportional to the low energy mixing
angle θ13 and there is a connection between η
f
B and low energy neutrino observables such as
θ13 and JCP.
On the other hand, the ratio of ηB without lepton flavor effects compared to η
f
B with
lepton flavor effects [24] is presented by
ηB
ηfB
∼ ε2
εe2
1
Ke2(K2)
2
≈ 3y
2
τ
32π2
ln
( M
MGUT
) 1
Ke2(K2)
2
. (36)
Thus, without taking lepton flavor effects into account, the prediction of ηB is suppressed
by ∼ 10−8/Ke2 , i.e., 4 ∼ 8 orders of magnitude compared with ηfB, which is too small to give
a successful leptogenesis.
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B. In case of the SSM
Using the same way as in the case of the SM, we obtain from Eqs. (21,24) the lepton
asymmetries for each lepton flavor expressed in terms of low energy parameters as
εe1(2) ≃ ∓
δIµτ ǫ
48πh1(2)
{ δee
δRµτ
+
2ǫ
3
δ′ee
δRµτ
· t
}
+O(t2) ,
εµ1(2) ≃ ∓
δIµτ ǫ
96πh1(2)
{
1 +
4ǫ
3
δ′µτ
δRµτ
· t
}
+O(t2) ,
ετ1(2) ≃ ∓
δIµτ ǫ
32πh1(2)
{
1 + 2
(
y2τ +
2ǫ
9
δ′µτ
δRµτ
) · t}+O(t2) , (37)
where the sign of minus and plus correspond to the case of the decay of N1 and N2, respec-
tively. Here, we notice that the lepton asymmetry εα1,2 is proportional to the parameter ǫ,
and at the same time can be enhanced by tan2 β, because ǫ ∝ y2τ = y2τSM tan2 β as shown in
Eq. (A23). Here, we also note that in the SSM the loop function g(x) in Eq. (21) and the
mass splitting δijN are give by
g(x) =
√
x
[ 2
1− x − ln
1 + x
x
]
, δijN ≃ 4[H˜ii − H˜jj] · t , (38)
which are different from those in the SM. Summing over the lepton flavors α in Eq. (21),
the total lepton asymmetries are approximately given by
ε1(2) ≃ ∓
δIµτ ǫ
24πh1(2)
y2τ · t . (39)
It is worthwhile to notice that the radiatively induced lepton asymmetries ε1(2) are pro-
portional to y4τ = y
4
τSM(1 + tan
2 β)2, and thus for large tan β it can be highly enhanced and
proportional to tan4 β. Furthermore, it has an explicit dependence of the evolution scale
t. These two points are already mentioned in Ref. [19]. Taking lepton flavor effects into
account, in this case the final baryon asymmetry is given as [25]
YB ≃ 10
31
∑
Ni
[
Y ei
(
εei ,
93
110
m˜ei
)
+ Y µi
(
εµi ,
19
30
m˜µi
)
+ Y τi
(
ετi ,
19
30
m˜τi
)]
. (40)
Similar to the SM, below temperatures T ∼ Mi . (1 + tan2 β)109, muon and tau charged
lepton Yukawa interactions are much faster than the Hubble expansion parameter rendering
the µ and τ Yukawa couplings in equilibrium. To obtain the final baryon asymmetry sur-
vived, we should consider the wash-out factors. Similar to the SM, the magnitudes of Kαi
except for Ke2 are greater than one in our scenario. So, we will consider two cases depending
on the magnitude of Ke2 : (i)K
e
2 . 1 and K
µ,τ
2 > 1 and K
α
1 > 1, (ii) K
α
1(2) > 1.
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1. In case of Ke2 . 1 and K
µ,τ
2 > 1 and K
α
1 > 1 (α = e, µ, τ)
This case implies that the muon and tau lepton asymmetries are strongly washed out,
whereas the electron asymmetry generated through the decay of N2 is weakly washed out.
The form of Y e2 in the weak wash-out regime in the SSM is the same as that in the SM given
by Eq. (34). In this case, similar to the SM, the contribution of Y e2 to YB is dominant over
the others. Thus, YB is approximately give by
YB ≃ 10
31
Y e2
(
εe2,
93
110
m˜e2
)
, (41)
and the magnitudes of K2 and K
e
2 are approximately
K2 ∼ 80 (tanβ = 1), ∼ 40 (tanβ = 10− 60) , Ke2 ∼ 10−5 − 1 . (42)
The resulting baryon-to-photon ratio ηfB is simply given as
ηfB ≃ −10−3 · εe2Ke2K2 . (43)
Just like the SM, one can see that there is a connection between baryon asymmetry and low
energy neutrino observables. The ratio of ηB without lepton flavor effects to η
f
B with lepton
flavor effects are simply given by [24]
ηB
ηfB
∼ ε2
εe2
1
Ke2(K2)
2
≈ y
2
τ
16π2
ln
( M
MGUT
) 1
Ke2(K2)
2
. (44)
From this result, we see that without taking lepton flavor effects into account the prediction
of ηB is suppressed by ∼ 10−8(1+tan2 β)/Ke2 , compared with ηfB . However, on the contrary
to the flavor independent leptogenesis in the SM, it is possible to get a right amount of
baryon asymmetry without flavor effects for the case of large tan β (∼ 60).
2. In case of Kα1,2 > 1, (α = e, µ, τ)
In the strong wash-out regime Kα1,2 > 1 (α = e, µ, τ), the lepton asymmetry for the flavor
lα generated through the decay of Ni is given by [25]
Y αi ≃ 0.3
εαi
g∗
(0.55× 10−3eV
m˜αi
)1.16
. (45)
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In this case, given the initial thermal abundance of Ni and the condition for K
α
i , the baryon
asymmetry including lepton flavor effects is approximately given by [26]
ηfB ≃ −10−2
∑
i
∑
α
εαi κ
α
i , with κ
α
i ≡
Kαi
KiKα
. (46)
Here, we note that each lepton asymmetry εαi are almost the same order of magnitudes, even
though ετ1 for large tan β and ε
e
1 for small tan β are slightly dominant within a few factors.
According to our numerical estimate, the typical sizes of the suppression factors καi are
κe1 ∼ 10−1 > κµ,τ2 ∼ 2× 10−2 & κµ,τ1 > κe2 ∼ 10−2 for tanβ & 3,
κe1 ∼ 5× 10−1 > κµ,τ2 ∼ 10−2 & κµ,τ1 > κe2 ∼ 4× 10−3 for tanβ < 3 , (47)
which indicates that the flavor dependent wash-out factors equally contribute to leptogenesis.
Using Eq. (47), the resulting baryon-to-photon ratio ηfB can be simply approximated as
an order of magnitude
ηfB ∼ 10−11(1 + tan2 β) , (48)
which represents that at least tanβ & 7 is needed for the flavored leptogenesis to successfully
work (see, Fig. 6 in sec. V).
As a consequence, in the strong wash-out case, the resulting baryon asymmetry is too
small to give a successful leptogenesis in the SM, whereas at least tan β & 7 would be
necessary to accommodate required baryon asymmetry in the SSM, and there exists also
a connection between leptogenesis and low energy observable θ12. Note that the strong
wash-out case only allow θ13 to be & 6
◦ which is from the condition Ke2 > 1.
V. NUMERICAL ANALYSIS AND RESULTS
In order to estimate the RG evolutions of neutrino Dirac-Yukawa matrix and heavy
Majorana neutrino masses from the GUT scale to a seesaw scale, we numerically solve all the
relevant RG equations presented in [13]. In our numerical calculation of the RG evolutions,
we first fix the values of two masses of heavy Majorana neutrinos with hierarchy M3 ≫
M1 = M2 = M to be M3 = 10
12 GeV, and M2 = 5 × 106 GeV as inputs3. Then we solve
3 We note that the mass M can be as light as 103 GeV in our scenario.
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the RG equations by varying input values of all the parameter space {b3, κ, ω, λ, χ, φ1, φ2}
given at the GUT scale. Then, finally we select the parameter space allowed by low energy
neutrino experimental data. At present, we have five experimental data, which are taken as
low energy constraints in our numerical analysis, given at 3σ by [27],
0.26 ≤ sin2 θ12 ≤ 0.40 , 0.34 ≤ sin2 θ23 ≤ 0.67 , sin2 θ13 ≤ 0.050,
2.0 ≤ ∆m2Atm[10−3eV2] ≤ 2.8 , 7.1 ≤ ∆m2Sol[10−5eV2] ≤ 8.3, (49)
where ∆m2Atm ≡ m23 −m22 and ∆m2Sol ≡ m22 −m21. In addition, the current measurement of
baryon asymmetry of our universe ηexpB we take in our numerical calculation is given by [28]
ηexpB = (6.2± 0.15)× 10−10. (50)
Using the results of the RG evolutions, we estimate baryon asymmetry for the parameter
space constrained from the low energy experimental data.
A. In case of Ke2 . 1 and K
µ,τ
2 > 1 and K
α
1 > 1 (α = e, µ, τ)
For this case of wash-out factors, we found that baryogenesis could be successfully imple-
mented in the SM and the SSM through electron flavor dominant leptogenesis. In addition,
we show that the successful leptogenesis could be linked with low energy observables (θ13
and JCP) through the RG parameter ǫ given in Eq. (A23) as well as K
e
2 .
In Fig. 1, we show the scatter plots for the model parameters in the SM (upper panel) and
the SSM (tanβ = 10) (lower panel) constrained by the experimental data given in Eq. (49):
the figures in the left-hand side exhibit how the parameters κ (triangles), ω (circles),
λ (asters) and χ(crosses) are correlated with the angle α defined in Eq. (A15), respec-
tively and the figures in the right-hand side represent how the difference between the phases
φ1 and φ2 in Eq. (3), |∆φ| (= |φ2 − φ1|), depends on the angle α .
In Fig. 2, we present how the wash-out factor Ke2 (Fig. 2-a) and CP violating observable
JCP (Fig. 2-b) are correlated with the mixing angle θ13. The circles, triangles, stars and
spots in Fig. 2 correspond to the cases of the SM, and the SSM with tan β = 1, tan β = 10
and tanβ = 60, respectively. From Fig. 2-(a), we see that in the case Ke2 < 1 (weak wash-
out regime) the mixing angle θ13 is limited. Even in the case of the SSM with tan β = 60, the
upper limit of θ13 is about 9 degree. It is remarkable from Fig. 2-(a) that η
f
B is expected to
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FIG. 1: Parameter regions allowed by the experimental constraints at 3σ C.L. given in Eq. (49)
for M3 = 10
12 GeV, M2 = 5× 106 GeV. The figures in left-hand side exhibit how the parameters
κ(triangles), ω(circles), λ(asters) and χ(crosses) are correlated with the angle α, respectively and
the figures in right-hand side represent how |∆φ| depends on the angle α, where ∆φ = φ2 − φ1,
among the phases assigned in the neutrino Dirac-Yukawa matrix given in the form of Eq. (3).
Upper panels correspond to the case of the SM, whereas lower panels correspond to the case of the
SSM for tan β = 10.
be enhanced through Ke2 as θ13 gets lower. Thus, this case with K
e
2 < 1 favors low values of
θ13. The vertical dotted lines in Fig. 2-(b) indicate the values of θ13 corresponding to best-fit
value of baryon asymmetry of our universe, i .e. ηexp−BTB = 6.2 × 10−10, when tan β = 1, 10
and 60, respectively, whereas the vertical solid line corresponds to the case of the SM. As can
be seen in Fig. 2-(b), the prediction of JCP for the SSM with a low tan β can be measurable
in the near future from long baseline neutrino oscillations.
In Fig. 3, we present the predictions of (a) ηfB and (b) ηB for the SM (triangle), the
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FIG. 2: Plots of wash-out parameter Ke2 (a) and JCP as a function of θ13 for the SM (circles), the
SSM with tan β = 1 (triangles), 10 (stars), 60 (spots). The vertical dotted lines indicate the values
of θ13 corresponding to the best-fit value of ηB for tan β = 1, 10 and 60, respectively, whereas the
vertical solid line corresponds to the case of the SM.
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FIG. 3: Predictions for the baryon asymmetries (a) ηfB and (b) ηB as a function of θ13 for the same
parameter space as in Fig. 1. The horizontal dotted lines and solid line in Fig. 3 (also in Figs. 4
and Fig. 6) correspond to the current bounds on ηB , measured from the current astrophysical
observations [28].
SSM with tan β = 1 (daggers), 10 (asters) and 60 (circles) as a function of the mixing angle
θ13. In the case of flavor dependent leptogenesis, the allowed values of η
f
B prefers very low
values of θ13. The horizontal dotted lines and solid line in Fig. 3 (also in Figs. 4 and Fig. 6)
correspond to the current bounds on ηB. We see from Fig. 3 that the prediction of η
f
B in
19
  [Deg.]13θ(a)                     
0 1 2 3 4 5 6 7 8 9 10
β
ta
n
1
10
210
|
CP
                        (b)                         |JCPJ
−0.04−0.03−0.02−0.01 0 0.01 0.02 0.03 0.04 0.05
Bf η
−1410
−1310
−1210
−1110
−1010
−910
−810
−710
−610
−510
−410
SM
=60βtan
=10βtan
=1βtan
FIG. 4: (a) Predictions of tan β in terms of θ13 for flavored leptogenesis. (b) A link between η
f
B
and JCP and |JCP| for the SM and the SSM, respectively.
the SSM for a fixed θ13 is increased as tan β increases. As explained with Eq. (44), we see
from Fig. 3 that ηB is suppressed by factor 4 ∼ 8 compared with ηfB because of the different
wash-out factors presented in Eq. (30). We also see from Fig. 3 that a successful baryogenesis
can be achieved via flavor dependent leptogenesis in both the SM and the SSM, whereas
a successful baryogenesis via flavor independent leptogenesis is possible only for the SSM
with large tan β (∼ 60). For this case, we can obtain lower limit of tan β from the current
observation for ηB based on Eqs. (11,27,A19,A23) as follows;
tanβ &
(2× 103
t
[ δ˜h1
δRµτδ
I
µτ
])1/4
. (51)
Imposing the best-fit value of observed baryon asymmetry, θ13 is determined to be 2
◦ for
the SM and 6.2◦, 1.8◦ and 0.4◦ for the SSM with tanβ = 1, 10 and 60, respectively. For the
case Ke2 < 1, the dominant contribution to η
f
B comes from the e-leptogenesis η
e
B, as shown
in Eq. (43). In the case of the SSM, the value of θ13 corresponding to η
exp−BT
B becomes lower
as tanβ gets higher because Ke2 is proportional to θ13. From Eqs. (25,43,50), we can roughly
get the value of tanβ corresponding to ηexp−BTB as follows:
tanβ ≃
( 0.1
Ke2K2
[ δ˜h2
δRµτδ
I
µτ
]
− 1
)1/2
. (52)
In Fig. 4-(a), we present how tanβ is correlated with the mixing angle θ13, which reflects
the above equation (52). Fig. 4-(b) shows how the baryon asymmetry ηfB is sensitive to the
CP violating observable JCP given by Eq. (19). The triangles, daggers, asters and circles
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FIG. 5: The same as Fig. 1 for tan β = 10 except for Kαi > 1.
correspond to the cases of the SM and the SSM with tanβ = 1, 10, 60, respectively. The value
of ηfB corresponding to η
exp−BT
B for the case of the SM leads to |JCP| ≃ 0.008 (and θ13 ≃ 2◦),
which can be measured in the future long-baseline neutrino oscillation experiments. From
Fig. 4-(b) and Fig. 2-(b), we see that the value of JCP corresponding to η
exp−BT
B for the
case of the SSM becomes higher as tanβ gets smaller. Thus, if future experiments can
measure JCP with a sensitivity better than 0.01, the predictions of η
f
B in the SSM with low
tan β (< 10) could be probed.
B. In case of Kα1,2 > 1, (α = e, µ, τ)
In the case of strong wash-out for the decay of N1,2, K
e,µ,τ
1,2 > 1, it turns out that baryoge-
nesis in the SM cannot be successfully realized. However, as can be seen in Eq. (48), flavor
dependent leptogenesis in the SSM could successfully be implemented at least for tanβ & 7
as explained below. In Fig. 5, we show the scatter plots for the model parameters in the SSM
with tanβ = 10 constrained by the experimental data given in Eq. (49): Fig. 5-(a) exhibits
how the parameters κ (triangles), ω (circles), λ (asters) and χ (crosses) are correlated with
the angle α defined in Eq. (A15), respectively. Fig. 5-(b) represents how |∆φ| depends on
the angle α. Fig. 6 presents the predictions of baryon asymmetry for the allowed parameter
regions presented in Fig. 5 as a function of (a) the solar mixing angle θ12 and (b) the CHOOZ
mixing angle θ13. The results indicate that in the SSM flavor dependent leptogenesis can
successfully work out for tan β & 10, whereas flavor independent leptogenesis does so only
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FIG. 6: Predictions for the baryon asymmetry as a function of (a) θ12 and (b) θ13 for the same
parameter space as in Fig. 5 in the strong wash-out limit. The triangles and diamonds (daggers
and asters) correspond to flavored (unflavored) leptogenesis for tan β = 60 and 10, respectively.
for the SSM with tanβ ∼ 60.
From Eqs. (25,46,50), we can get the relation,
tanβ ≃
(ηbest−fitB
xy2τSM
− 1
)1/2
, (53)
where x = ηfB/y
2
τ . The relation given by Eq. (53) indicates that there exits a correlation
between tan β and θ12 for a fixed value of ηB. In particular, taking ηB = η
exp−BT
B , we plot
the correlation between tan β and θ12 in Fig. 7-(b). From our numerical estimate, we found
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FIG. 7: (a) Plot presenting how tan β is sensitive to θ12 for flavored leptogenesis. (b) The relation-
ship between JCP and θ12 mentioned in Eq. (19).
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that in order for the prediction of ηfB in the case of strong wash-out to be consistent with
the right amount of baryon asymmetry given by Eq. (50) the value of tan β should be
tanβ & 7 . (54)
Thus, future measurements for tanβ and θ12 could serve as an indirect test for the scenario
of baryogenesis considered in this paper. Fig. 7-(b) represents the correlation between JCP
and θ12 for a fixed value of ηB(= η
exp−BT). The results show that the best fit value of ηB
and the current measurement of θ12 favors |JCP| ≃ 0.04 which can be measurable in the
upcoming long baseline neutrino oscillation experiments.
VI. SUMMARY
As a summary, we have considered an exact µ− τ reflection symmetry in neutrino sector
realized at the GUT scale in the context of the seesaw model. The exact µ − τ reflection
symmetry has been imposed in the basis where both the charged lepton mass and heavy
Majorana neutrino mass matrices are real and diagonal. We have assumed that the two
lighter heavy Majorana neutrinos are degenerate at the GUT scale. It has been shown that
the RG evolution from the GUT scale to the seesaw scale gives rise to breaking of the µ− τ
symmetry and a tiny splitting between two degenerate heavy Majorana neutrino masses as
well as small variations of the CP phases in Yν , which are essential to achieve a successful
leptogenesis. Such small RG effects lead to tiny deviations of θ23 from the maximal value
and the CP phase δCP from
π
2
imposed at the GUT scale due to µ− τ reflection symmetry.
In our scenario, the required amount of the baryon asymmetry ηB could be generated via
so-called resonant e-leptogenesis, in which the wash-out factor concerned with electron flavor
plays a crucial role in reproducing a successful leptogenesis. And we have found that the
magnitude of the electron leptogenesis is enhanced by 4 ∼ 8 orders due to the flavor effects
in the SM, and enhanced further by a factor of tan2 β for the SSM.
A point deserved to notice is that CP violation responsible for the generation of baryon
asymmetry of our universe comes from the breaking of both the two degenerate heavy
Majorana neutrinos and the CP phases φ1,2 in Yν by RG evolutions, which corresponds to
the tiny breakdown of µ−τ reflection symmetry, and such small RG effects cause leptogenesis
to directly be linked with the CP violation measurable through neutrino oscillation as well
23
as neutrino mixing angles θ12 and θ13. We expect that in addition to the reactor and
long baseline neutrino experiments for precise measurements of neutrino mixing angles and
CP violation, the measurements for the supersymmetric parameter tan β at future collider
experiments would serve as an indirect test of our scenario of baryogenesis based on the
µ− τ reflection symmetry.
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APPENDIX A: RELEVANT RENORMALIZATION GROUP EQUATIONS
A non-zero leptonic asymmetry can be generated if and only if the CP odd invariants
J˜CP = ImTr[HM
†
RMRM
†
RH
TMR] does not vanish [17, 29]. Since J˜CP can be expressed in
the form
J˜CP = 2
∑
i<j
{
MiMj(M
2
j −M2i )Im[Hij]Re[Hij]
}
, H ≡ YνY†ν , (A1)
which is relevant for leptogenesis [17], a non-vanishing leptonic asymmetry requires not only
Mi 6= Mj but also Im[Hij]Re[Hij ] 6= 0, (i 6= j = 1, 2, 3), at the leptogenesis scale. Even if
we start from exact degeneracy between the two light heavy Majorana neutrinos (N1, N2)
at a certain high energy scale, it is likely to see that some splitting in their masses could
be induced at a different scale (seesaw scale) through RG running effects. And the Dirac
neutrino Yukawa matrix Yν is also modified by the same RG effect, which is very important
to obtain nonzero Im[Hij ]Re[Hij] 6= 0, as will be shown later.
The radiative behavior of the heavy Majorana neutrinos mass matrix MR is dictated by
the following RG equations [15]:
dMR
dt
= [(YνY
†
ν)MR +MR(YνY
†
ν)
T ] , SM
dMR
dt
= 2[(YνY
†
ν)MR +MR(YνY
†
ν)
T ] , SSM (A2)
where
t =
1
16π2
ln(Q/MGUT) (A3)
with an arbitrary renormalization scale Q. The RG equations for the Dirac-Yukawa neutrino
matrix can be written as
dYν
dt
= Yν [(T − 3
4
g22 −
9
4
g21)−
3
2
(Y†lYl −Y†νYν)] , SM
dYν
dt
= Yν [(T − 3g22 −
3
5
g21) +Y
†
lYl + 3Y
†
νYν , SSM (A4)
where T = Tr(3Y †uYu +Y
†
νYν), Yu and Yl are the Yukawa matrices for up-type quarks and
charged leptons and g2,1 are the SU(2)L and U(1)Y gauge coupling constants.
Let us first reformulate the RG equations (A2) in the basis where MR is diagonal. Since
MR is symmetric, it can be diagonalized by a unitary matrix V ,
V TMRV = Diag.(M1,M2,M3). (A5)
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As the structure of the mass matrixMR changes with the evolution of the scale, the unitary
matrix V depends on the scale, too. The RG evolution of the matrix V (t) can be written as
d
dt
V = V A, (A6)
where A is an anti-Hermitian matrix A† = −A due to the unitary of V . Then, differentiating
Eq. (A5), we obtain
dMiδij
dt
= ATijMj +MiAij + {V T [(YνY†ν)MR +MR(YνY†ν)T ]V }ij , SM
dMiδij
dt
= ATijMj +MiAij + 2{V T [(YνY†ν)MR +MR(YνY†ν)T ]V }ij , SSM. (A7)
Absorbing the unitary transformation into the Dirac-Yukawa coupling Yν ≡ V TYν , the real
diagonal part of Eq. (A7) becomes
dMi
dt
= 2Mi(YνY
†
ν )ii , SM
dMi
dt
= 4Mi(YνY
†
ν )ii , SSM. (A8)
The off diagonal part of Eq. (A7) leads to
Aij =
Mj +Mi
Mj −MiRe[(YνY
†
ν )ij] + i
Mj −Mi
Mj +Mi
Im[(YνY
†
ν )ij] , SM
Aij = 2
Mj +Mi
Mj −MiRe[(YνY
†
ν )ij ] + i2
Mj −Mi
Mj +Mi
Im[(YνY
†
ν )ij ] , SSM. (A9)
The RG equations for Yν in the basis where MR are diagonal is written as
dYν
dt
= Yν [(T − 3
4
g22 −
9
4
g21)−
3
2
(Y†lYl − Y †ν Yν)] + ATYν , SM
dYν
dt
= Yν [(T − 3g22 −
3
5
g21) +Y
†
lYl + 3Y
†
ν Yν)] + A
TYν , SSM. (A10)
The RG equations for the quantity H relevant for leptogenesis can be written as
dH
dt
= 2
(
T − 3
4
g22 −
9
4
g21
)
H − 3Yν(Y†lYl)Y †ν + 3H2 + ATH +HA∗ , SM
dH
dt
= 2
(
T − 3g22 −
3
5
g21
)
H + 2Yν(Y
†
lYl)Y
†
ν + 6H
2 + ATH +HA∗ , SSM. (A11)
We see from Eq. (A9) that the real part of Aij is singular when Mi = Mj . The singularity
in Re[Aij ] can be eliminated with the help of an appropriate rotation between degenerate
heavy Majorana neutrino states. Such a rotation does not change any physics and it is
equivalent to absorb the rotation matrix R into the Dirac-Yukawa neutrino matrix Yν,
Yν −→ Y˜ν = RYν , (A12)
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where the matrix R, in our case, particularly rotating the 1st and 2rd generations of heavy
Majorana neutrinos can be parameterized as
R(α) =


cosα sinα 0
− sinα cosα 0
0 0 1

 . (A13)
Then, the singularity in the real part of Aij is indeed removed when the rotation angle α is
taken to be satisfied with the condition,
Re[(Y˜νY˜
†
ν )ij] = 0 , for any pair i, j corresponding to Mi =Mj , (A14)
for i, j = 1, 2, which leads to
tan 2α =
2H12
H11 −H22 =
2(λχ+ 2ωκ cos∆φ12)
λ2 + 2ω2 − χ2 − 2κ2 . (A15)
With Y˜ν , we construct a parameter H˜ as follows;
H˜ ≡ Y˜νY˜ †ν = RHRT =


H˜11 0 H˜13
0 H˜22 H˜23
H˜13 H˜23 H33

 , (A16)
where H = YνY
†
ν and the components of H˜ are given by
H˜11 = H11 cos
2 α +H12 sin 2α +H22 sin
2 α , H˜13 = H13 cosα +H23 sinα ,
H˜22 = H22 cos
2 α−H12 sin 2α+H11 sin2 α , H˜23 = H23 cosα−H13 sinα .
It is then obvious from Eq. (A16) that Re[(Y˜νY˜
†
ν )12(21)] = 0 and thus the singularity in A12(21)
does not appear.
Now, let us consider RG effects which may play an important role in successful leptogen-
esis. First, we parameterize the mass splitting of the degenerate heavy Majorana neutrinos
in terms of a parameter δN defined by
δN ≡ 1− M2
M1
, (A17)
which is governed by the following RG equations derived from Eq. (A8),
dδN
dt
= 2(1− δN)[H˜11 − H˜22] ≃ 4H12
sin 2α
, SM
dδN
dt
= 4(1− δN)[H˜11 − H˜22] ≃ 8H12
sin 2α
, SSM. (A18)
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The solutions of the RG equations (A18) are approximately given by
δN ≃


b23δ˜ · t, SM ,
2b23δ˜ · t, SSM ,
with δ˜ =
4(λχ+ 2ωκ cos∆φ12)
sin 2α
, (A19)
where we used the parameters defined in Eq. (4).
Next, we consider RG running of the Dirac neutrino Yukawa matrix from the GUT
scale to the seesaw scale, Q ≃ M . Since the RG evolution produces non-zero off-diagonal
entries in MR, it has to be re-diagonalized by a unitary transformation, MR → V TRMRVR =
diag(M1,M2,M3) , which leads to the rotation, NR → VRNR and Yν → VRYν. Neglecting
the corrections proportional to charged-µ and -e Yukawa coupling, yµ and ye, we can obtain
the RG improved Dirac neutrino Yukawa matrix given for the SM by
Y˜ν(M) ≃


y11 − ǫy21 · t y12 − ǫy22 · t y∗12 − (ǫy∗22 + 3y
2
τ
2
y∗12) · t
y21 + ǫy11 · t y22 + ǫy12 · t y∗22 + (ǫy∗12 − 3y
2
τ
2
y∗22) · t
0 y32 y
∗
32

 , (A20)
and for the SSM by
Y˜ν(M) ≃


y11 +
2ǫ
3
y21 · t y12 + 2ǫ3 y22 · t y∗12 + (2ǫ3 y∗22 + y2τy∗12) · t
y21 − 2ǫ3 y11 · t y22 − 2ǫ3 y12 · t y∗22 − (2ǫ3 y∗12 − y2τy∗22) · t
0 y32 y
∗
32

 , (A21)
where cosα = cα, sinα = sα, the components of Y˜ν(M) are
y11 ≡ b3(λcα + χsα) , y12 ≡ b3(eiφ2κsα + eiφ1ωcα) ,
y21 ≡ b3(χcα − λsα) , y22 ≡ b3(eiφ2κcα − eiφ1ωsα) , y32 ≡ b3 , (A22)
and the parameter ǫ presenting RG corrections is given by
ǫ ≃ 3y
2
τ
{
κ2−ω2
2
sin 2α + κω cos 2α cos∆φ12
}
δ˜
. (A23)
Note here that the third low of Y˜ν(M) is not changed because d(Y˜ν)3k/dt does not depend
on A12. As will be shown later, the parameter ǫ is proportional to y
2
τSM in the SM and
y2τSM(1 + tan
2 β) in the SSM and it plays important roles in both leptogenesis and low-
energy CP violation. At the seesaw scale, the combination of the Yukawa-Dirac coupling
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matrices and the mass matrix of right-handed heavy Majorana neutrino, respectively, can
be written as
H˜(M) ≡ Y˜ν(M)Y˜ †ν (M) ≃


H˜11 H˜12 H˜13
H˜21 H˜22 H˜23
H˜13 H˜23 H33

 ,
MR ≃ diag(M1,M2,M3) , with M2 . M1 ≪M3 . (A24)
Here the (1,2) and (2,1)-components of H˜(M) are the quantities radiatively generated by RG
running. Considering the structure of H˜ in Eq. (A16), up to non-zero leading contributions
in the right side of Eq. (A11), the RG equations of H˜12 are given for the SM by
dRe[H˜12]
dt
≃ −3y2τRe[(Y˜ν1τ Y˜ ∗ν2τ )] + Re[A21](H˜22 − H˜11) ,
dIm[H˜12]
dt
≃ −3y2τ Im[(Y˜ν1τ Y˜ ∗ν2τ )] , (A25)
and for the SSM by
dRe[H˜12]
dt
≃ 2y2τRe[(Y˜ν1τ Y˜ ∗ν2τ )] + Re[A21](H˜22 − H˜11) ,
dIm[H˜12]
dt
≃ 2y2τ Im[(Y˜ν1τ Y˜ ∗ν2τ )] . (A26)
Using Eqs. (A9,A18), radiatively generated H˜12 is given approximately in terms of the
parameters in Eqs. (8) and (A16), for the SM, by
Re[H˜12] = Re[H˜21] ≃ −3
2
y2τb
2
3
[1
2
(κ2 − ω2) sin 2α+ κω cos 2α cos∆φ12
]
· t ,
Im[H˜12] = −Im[H˜21] ≃ 3y2τb23ωκ sin∆φ12 · t , (A27)
and for the SSM by
Re[H˜12] = Re[H˜21] ≃ y2τb23
[1
2
(κ2 − ω2) sin 2α + κω cos 2α cos∆φ12
]
· t ,
Im[H˜12] = −Im[H˜21] ≃ −2y2τb23ωκ sin∆φ12 · t . (A28)
Note here that radiatively generated quantity Im[H˜12] is proportional to sin∆φ12 which is
fixed by the angle α in Eq. (A15) due to the µ − τ reflection symmetry, and related with
low energy observables θ13 and JCP in Eqs. (16,19).
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